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Abstract. The problem of steady state free convection in an unconfined 
coastal aquifer with non-isothermal geothermal heating from below is investi-
gated in this paper. The governing non-linear partial differential equations 
with non-linear boundary conditions are approximated by a set of linear sub-
problems on the basis of the perturbation method. The equations for the zero-
order and first-order approximations are of the elliptic type that can be 
solved numerically by the finite difference method. Numerical results, accurate 
to the first-order approximations, are obtained for temperature, pressure and 
stream function as well as for the shape of the water table. The influence of 
the location and the size of ,the heat source as well as various parameters on 
heat transfer and fluid flow characteristics in a rectangular geothermal 





























Li st of Symbols 
discharge number, D = psKgh/a~ 
gravity vector 
height of the reservoir at the ocean sides 
thermal conductivity of the porous medium 
permeability of the porous medium 
the width of the reservoir 
the dimensionless width of the reservoir, L = .Q,/h 
dummy index in Eqs. (23) 
pressure 
dimensionless pressure, P = (p-p ) /p gh 
a s 
zero-order and first-order perturbation functions 
for pressure 
temperature 
maximum temperature 'of the impermeable surface 
prescribed temperature of the impermeable surface 
velocity components in the x and y directions 
Cartesian coordinate system 
dimensionless coordinates 
equivalent thermal diffusivity, a = km!(pCp)f 
thermal expansion coefficient 
perturbation parameter, £ = S (T - T ) c s 
the height of water table 
dimensionless height of water table, n = nih 
zero-order and first-order perturbation functions 
for the height of water table 
dimensionless temperature, 8 = (T - Ts) / (Tc - Ts) 









prescribed dimensionless temperature of the 
impermeable surface 
·viscosity of convecting fluid 
density of convecting fluid 
atmospheric condition 
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Introduction. Over the past two decades much work has been done on 
convective heat transfer in a porous medium. Horton and Rogers [1945] studied 
the criterion for the onset of free convection in a porous medium. This was 
followed by a series of papers by Lapwood [194R], Wooding [1961J, and 
Katto and Masuoka [1967] on the same tooics. 
In recent years the utilization of geothermal energy for power production 
has stimulated further interest in the study of heat transfer and fluid flow 
characteristics in geothermal reservoirs. Wooding [1957] obtained a numerical 
solution for the prediction of temperature distribution in a two-dimensional 
geothermal reservoir at Wairakai, New Zealand. Donaldson [1962] considered 
steady state free convection in a two-dimensional porous medium bounded by 
isothermal horizontal impermeable w·alls. The effects of a non-isothermal wall 
on free convection was considered by Elder [1967a, 1967b]. The related problem 
of combined free and forced convection in a porous medium was treated by 
Pratt [1966] as well as by Combarous and Bia [.1971]. The three-dimensional 
problem of free convection in a porous medium inside a rectangular enclosure 
was studied by Chan et al [1970], Holst and Aziz [1972a, 1972b] and by Bories 
and Combarnous [1973]. The more complicated. problem of circulation patterns of 
groundwater effected by geothermal heating was considered by Henry and Kohout 
[1973] in their study on waste disposal. All of the preceding studies concern 
a porous medium bounded by impermeable walls which are applicable to confined 
geothermal reservoirs. 
In the island of Hawaii, as in many parts of the world, geothermal reservoirs 
are believed to be unconfined at the top. It has been speculated that upwelling 
of the water table as observed by Keller [1974] is possibly due to geothermal 
heating. Furthermore, the porosity of the island rock permits free flow of the 
water between the ocean and the island. This will undoubtedly affect the 
temperature distribution in the geothermal reservoirs. 
In the present paper, the unconfined coastal aquifer with non-isothermal 
geothermal heating from below (Fig. la) is idealized as a two-dimensional 
porous medium bounded on the bottom by a horizontal impermeable wall and on 
the vertical sides by the ocean (Fig. lb). The shape of the free surface is 
not known a priori and must be determined from the solution. The non-linear 
governing equations and non-linear boundary conditions are approximated by a 
set of linear sub-problems on the basis of perturbation analysis. Numerical 
results, accurate to the first-order approximation, are obtained for temperature, 
pressure and stream function. The effect of non-isothermal geothermal heating 
on the upwelling of the water table is predicted. 
Governing Equations and Boundary Conditions. To simplify the mathematical 
formulation of the problem the following assumptions are made: 
1. The flow field is steady and two-dimensional. 
2. The temperature of the fluid is low corresponding to its 
saturated temperature for boiling to take place. 
3. The Boussinesq approximation is employed; i.e., density is assumed 
to be constant except in the bouyancy force term. 
4. There is no accretion at the free surface. 
5. Fluid properties such as thermal conductivity, specific heat, 
kinematic viscosity, and permeability are assumed to be constant. 
6. Ocean is at rest; i.e.~ the effects to tides are neglected. 
With these approximations, the governing equations are given by 
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div V ;:::; 0, (1) 
(2) 
(3) 
- 2 v·VT = aV T, (4 ) 
where V, p, ~ and S are the macroscopic velocity vector, density, viscosity 
and the thermal expansion coefficient of the fluid, p the pressure, T the 
k 
temperature, g the gravitational ~cceleration. a = (Cm) is the equivalent 
p p f 
thermal diffusivity with k denoting the thermal conductivity of the porous 
m I 
medium and (PCp)f the density and specific heat of the fluid. The subscript s 
in Eq. (3) denotes the condition in the ocean. 
The boundary conditions along the ocean are given by 
p (O,y) = Pa + psg (h - y), (5) 
P (t, y) = Pa + psg(h -y), (6) 
T (0, y) = Ts ' (7) 
(8) 
Along the impermeable surface, the boundary conditions are 
v (x, 0) = 0, (9) 
T (x, 0) = TL (x), (10) 
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where TL (x) is prescribed. Along the free surface, the boundary conditions are 
v:n (x, n) = 0, (11) 
p (x, n) = Pa , (12 ) 
T (x, n) = T a' (13) 
where y = n(x) is the shape of the free surface, which is not known a priori 
and n is the unit vector normal to the free surface, which is given by n = l~~l 
with F (x, y) = y - n(x) = 0 denoting the equation for the free surface. 
With the aid of Eqs. (2) and (3), boundary condition (9) can be rewritten 
in terms of p to give 
(14 ) 
whereas boundary condition Eq. (11) can be rewritten as 
where Eq. (15) is the non-linear boundary condition at the free surface. 
Since boundary conditions are now in terms of p and T, we shall eliminate u, 
v, p from Eqs. (1) through (4) and express the resultant equations in terms of 
p and T. Thus we have 
- (16) 
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We now express Eqs. (16) and (17) with boundary conditions (5) - (8), (10), 
(12) - (15) in dimensionless form. For this purpose we introduce the following 
dimensionless variables: 
p - p 
P 
_ a 
= h' psg 
T - T 
8 - s - - n - = T - T ' n = K ' 
c s 
X _x =h' Y 
- 1-
- h ' l 
- 9-
=h' 
where Tc is the maximum temperature of the impermeable surface. 
(18 ) 





where E = S(Tc - Ts )' 
measure of the imposed 
p Kgh 
and 0 = s is called the discharge number which is a 
all 
pressure forces to the viscous force. Boundary conditions 
in terms of dimensionless variables are re-arranged to give 
P (0, Y) = 1 - Y, 
P (l, Y) = 1 - Y, 
ap av (X, 0) = Ml. + E8l (X), 
an ap ( -) [ ap - ] ax ax X, n - aY (X, n) + 1 - E: 8a = 0, 
P (X, n) = 0, 








o (L, y) = 0, (22b) 
° (X, 0) = 0L (X), (22c) 
° (X, n) = 0a , (22d) 
Perturbation AnaZysis. Since the value of E in Eqs. (19) - (22) is small, 
we shall now obtain perturbation ~olution to the problem. For this purpose, 
we now assume that dependent variables be expanded in a power series of E. 
Thus, we have 
0Cl 
P (X, y) = ~=O Empm(X, V), (23a) 
co ° (X, Y) = ~=O Em0m(X, V), (23b) 
0Cl 
n(X)\ = 1 + L Emn (X) 
'I m= 1 m ' (23c) 
where Pm(X, V), 0m(X, Y) and ~(X) are perturbation functions to be determined. 
Substituting Eqs. (23) into Eqs. (19) - (22), making a Taylor's series expansion 
on boundary conditions (21d), (21e), and (22d), and collecting terms of like 
power in E, we have the following set of sub-problems. 
Zero-Order Approximations 
The zero-order problem for P is given by 
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(24) 
with boundary conditions given by 
Po (0, Y) = 1 - Y, (25a) 
Po (L, Y) = 1 - y, (25b) 
apo av- (X, 0) = -1, (25c) 
Po (X, 1) = o. (25d) 
Solution to the zero-order problem for P is obviously given by 
Po (X, Y) = 1 - y, (26) 
which physically means the hydrostatic situation. 
With the aid of Eq. (26), the zero-order problem for 8 is given by 
(27) 
with boundary conditions given by 
80 (0, Y) = 0, (28a) 
80 (L, Y) = 0, (28b) 
8 (X 1) = 8 0' a' (28c) 
80 (X, 0) = 8L (X). (28d) 
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Thus, to the zero-order approximation, pressure is given by the hydrostatic 
pressure and temperature distribution is due to heat conduction; the fluid 
flow and heat transfer are decoupled in the zero-order approximation. Further-
more, Eqs. (25d) and (28c) show that we have successfully transferred the 
boundary conditions at the unknown free surface to Y = 1. 
First-Order Approximations 
With the aid of Eq. (26), the first order problem for P is given by 
(29) 
• 
where the right hand side of Eq. (29) is known from the zero-order problem. 
The boundary conditions for Pl are given by 
Pl (0, Y) = 0, (30a) 
P1 (L, Y) = 0, (30b) 
aP1 W- (X, 1) = G a' (30c) 
aPl 
"§'{ (X, 0) = GL (X). (30d) 
Once Pl is determined, nl (X) is obtained from 
(30e) 
which follows from substituting Eqs. (23a) and (23c) into boundary condition 
(21e) and making a Taylor series expansion. Eq. (30e) gives the influence of 
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the geothermal heating on the shape of the free surface. Eqs. (29) - (30) 
show that the value of Pl , and consequently nl' depends on the vertical 
temperature gradient in the medium as well as the prescribed temperature 
distribution on the impermeable surface. Thus, to the first-order approximation, 
the amount of upwelling of water table, which is given by En1' depends entirely 
on the amount of geothermal heating. 
With the aid of Eq. (26), the first-order approximation for e is 
(31) 
with boundary conditions given by 
81 (0, Y) = 0, (32a) 
81 (L, Y) = 0, (32b) 
81 (X, 0) = 0, (32c) 
81 (X, 1) = -
a80 P1(X, 1) av (X, 1 ) . (32d) 
An alternate formulation in terms of stream function is shown in Appendix A. 
The governing equations for the zero-order and the first-order problems as 
given by Eqs. (27) - (32) are respectively the Laplace equation and Poisson 
equation with nonhomogeneous boundary conditions. In principle they can be 
solyed in closed form by the classical method of separation of variables. 
However, the numerical evaluation of the resultant expressions in terms of many 
, 
double and triple Fourier series will be of dubious value because of its slow 
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convergent rate. For this reason we resort to the numerical solution of these 
linear problems by the finite difference method. 
NUmeriaal Computations and Results. The standard five point formula of the finite 
difference method is applied to Eqs. (27), (29), and (31). The resultant linear 
algebraic equation~, as given in Appendix B, are solved by the Gauss-Seidel 
iteration method. The mesh size in both X and Y directions is chosen to be 0.1. 
The iteration process is terminated when the maximum value is changed by less 
than 0.1% of the previous cycle. Computation begins with the determination of 80 
from Eqs. (B-12) - (B-16). After values of 80 at all grid points are obtained, the 
partial differentiation of 80 is computed by using the IBM scientific subroutine 
DET5. The partial derivatives of 80 are then stored on disk and will be used for 
the determination of Pl and ~l from Eqs. (B-17) - (B-30) and Eqs. (B-50) - (B-52). 
The differentiation of Pl and the determination of 8, from Eqs. (8-38) - (8-42) 
are done in the same manner. 
The parameters for the present problem are L the aspect ratio, D the 
discharge number, and s the perturbation parameter. Grid values of pressure, 
temperature, and stream function are computed for L=4, s=O.l with D=50, and 50u 
for the following three temperature distributions of the impermeable surface: 
(1 ) 0L = exp [- (X O. ~. 0) 
2
] • with a maximum temperature at X=2. o. 
(2) 0L = exp [- (X o. ~. 5) 
2 
] • with a maximum temperature at X=0.5. 
(3) 0L = exp [_(X 0. ~.5/ ] • with a maximum temperature at X=0.5. 
- 10 -
Comparison of the numerical results for Cases 1 and 2 will show the effect af 
the location of heat source whereas the comparison of results for Case 2 (a 
broad heat source) and Case 3 (a narrow heat source) will show the effect of 
the size of the heat source. 
Fig. 2 shows the contour of the first order perturbation of stream 
function, ~l' for Case l~ As is shown in the figure, -the fluid particles 
begin to rise as they approach the point of maximum surface temperature. This 
is because the density of the fluid becomes smaller as its temperature rises. 
As the fluid particles rise to a colder region they begin to lose heat and 
will begin their descending paths when the density becomes the same as that 
of the surrounding fluid. Since ~O = 0 and ~ = E~l to the first order approxi-
mation, the amount of convective current can be estimated by the difference in 
the values of the stream function E~l. It is worth mentioning that, to the 
first order approximation, the movement of fluid particles is induced by the 
horizontal temperature gradient by conduction as shown in Eq. (A-17) in 
Appendix A. The value of the stream function is therefore independent of 0 
and is proportional to E. 
Fig. 3a shows the contours of the first-order pressure function Pi for 
Case 1. As is shown in Eqs. (29) - (30), Pl is induced by the non-isothermal 
temperature distribution on the boundary and the vertical temperature gradient. 
The value of Pl is independent of 0, with a negative value in the lower portion 
of the aquifer and a minimum value at the point of maximum surface temperature. 
On the other hand the values of Pl is positive in the upper portion of the 
aquifer with a maximum value at the point (2,1). Thus the fluid particles are 
drawn inward in the lower portion of the aquifer and are forced to move toward 
the ocean in the upper portion of the aquifer. Fig. 3b shows the pressure 
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contours for Case 1 with E = 0.1 and for all values of D. The fact that the 
pressure contours are almost horizontal indicates that the pressure in an 
unconfined geothermal reservoir can be approximated by hydrostatic pressure. 
Fig. 4a shows the contours of the zero-order perturbation function for 
temperature for Case 1. In the zero-order approximation, heat is transferred 
by conduction, as a result of non-isothermal temperature on the boundary. Thus 
the value of 80 is independent of D. Fig. 4b shows the contours of first-order 
perturbation temperature 81, the temperature correction due to convective 
current. As is expected, the convective current helps to diffuse heat, and 
consequently, the contours of temperature are pushed further away from the heat 
source as the value of 0 is incre~sed. The maximum value of 81 is in a region 
that is slightly above the point of maximum geothermal heating. The regions of 
negative value of 81 indicate the inward movement of cold water from the ocean. 
The effect of discharge number on temperature contours for E = 0.1 is shown 
in Fig. 4c. Comparison of Figs. 4a and 4c shows that the difference between 
temperature contours 80 and 81 is small for 0 = 50, indicating that heat transfer 
by conduction is predominant for small value of D. There is significant dif-
ference in temperature contours for 0 = 500 especially in the region of maximum 
heating, which suggests that there is a strong convection current there. 
The effects of discharge number, the location of the heat source and the 
size of the heat source on the horizontal temperature distribution are shown in 
Figs. 5a, 5b, and 5c. The prescribed temperature distribution of the impermeable 
rock is indicated by Y = 0. It is interesting to note that, with the exception 
of narrow heat source, the width of the temperature profiles at lower elevations 
fall within the temperature profile at Y = 0, indicating that the lateral 
diffusion of heat by convection is not very effective. As is expected, tempera-
ture is higher for higher values of D at the same location (Fig. 5a). To show 
- 12 -
the effect of location on the horizontal temperature distribution, results 
for Cases 1 and 2 with D = 500 and E = 0.1 are plotted in Fig. 5b. When the 
heat source is near the ocean as in Case 2, although there is a significant 
drop in temperat1lre on the ocean side of the heat source due to inward movement 
of cold sea water, temperature on the other side of the heat source is only 
slightly affected. To show the effect of size of the heat source on the horizon-
tal temperature distribution, results for Case 2 (a broad heat source) and 
Case 3 (a narrow heat source) with D = 500 and E = 0.1 are plotted in Fig. 5c. 
It is shown in this figure that temperature is higher for a broad heat source 
than that of a narrow heat source. 
The effect of discharge number on vertical temperature profiles is shown 
in Fig. 6a (Case 1) and in Fig. 6b (Case 2). For locations directly above the 
point of maximum surface temperature (i.e., at X = 2 in Fig. 6a and X = 0.5 in 
Fig. 6b), temperature is higher for higher value of D. Similar behavior exists 
in the upper portion of the aquifer. However, in the lower portion of the 
aquifer, temperature decreases as the value of D is increased. This is due to 
the inflow of colder seawater in the lower portion of the aquifer and the out-
flow of warmer seawater in the upper portion of the aquifer. The behavior is 
more pronounced for Case 2 (Fig. 6b) than Case 1 (Fig. 6a) since the amount of 
inflow of cold seawater is larger for Case 2. To show the effect of location 
of the heat source on vertical temperature profiles, data for Figs. 6a and 6b 
with D = 500 and E = 0.1 are replotted in Fig. 6c. It is shown that the effect 
of location on vertical temperature profiles is small for position directly 
above the point of maximum surface temperature (X = 2 and X = 0.5). For the 
vertical positions 0.4 unit away from the point of maximum surface temperature, 
comparison of the curve of X = 1.6 for Case 1 to that of X = 0.1 for Case 2 
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shows that there is a significant drop in temperature at the ocean side of the 
heat source. Similar comparison of the curves X = 2.4 (for Case 1) and 
X = 0.9 (for Case 2) indicates that the temperature drop is small at the other 
side of the heat source. The effect of the size of the heat source on vertical 
temperature profiles for D = 500 and £ = 0.1 is shown in Fig. 6d. It is shown 
that there is a significant drop in temperature if the'size of the heat source 
decreases. 
Figs. 7a and 7b show the effect of location and the size of heat source 
on nl' the first-order perturbation function for the shape of water table. To 
the first-order approximation the upwelling of water table is given by £nl' and 
is independent of D. The amount of upwelling depends on the vertical tempera-
ture gradient of the porous medium and the temperature distribution of the 
impermeable surface. The size and the location of the heat source have a 
strong influence on the amount of upwelling of water table. The maximum value 
of nl is approximately 0.08 at X = 2 for Case 1 (Fig. 7a). For a heat source 
near the ocean (Fig. 7b), it is interesting to note that the location of maximum 
water table height is not necessarily located directly above the point of 
maximum temperature of the impermeable surface. In fact, the position of 
maximum value of nl moves inland as the size of the heat source is increased. 
ConcZuding Remarks. A parametric study has been conducted to investigate the 
effects of various parameters on the movement of seawater, the upwelling of 
water table, the pressure and temperature distributions in a geothermal reser-
voir. I~ has been found, to the first-order approximation, that (1) the 
pressure in the unconfined geothermal reservoir is almost hydrostatic, (2) the 
flow rate of sea water depends only on the horizontal temperature gradient of 
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the reservoir, (3) although there is some decrease in temperature distribution 
in the lower portion of the aquifer in a small region near the ocean as a 
result of inflow of cold water, the water also acts as a heat-carrier in the 
rest of aquifer, (4) the convection of heat is more efficient vertically than 
horizontally, (5) the size of the geothermal source has an important effect 
on the temperature distribution in the reservoir, (6) the location of the heat 
source will have some effect on the temperature distribution in the region near 
the ocean, its effect on temperature at the rest of aquifer is small, (7) the 
discharge number has a strong effect on temperature distribution in the 
aquifer, and (8) there is a noticeable upwelling of water table at the location 
directly above the heat source; the amount of upwelling depends on the vertical 
temperature gradient of the porous medium and the prescribed temperature of 
the impermeable surface. The upwelling of water table as a result of geothermal 
heating is predicted analytically for the first time. 
The perturbation method is used in the present analysis. The major 
advantages of the application of the method to the present problem are 
(l) the problem becomes linear and the difficulty in the non-convergence of 
iteration associated with the numerical solution of non-linear finite difference 
equations does not exist, (2) the unknown position of the water table is 
explicitly determined from the first-order problem, thus the usual practice 
of the iteration of position of water table is avoided, and (3) a clearer 
physical picture emerged with regard to the driving forces and the role played 
by varic'ls parameters in heat transfer and fluid flow characteristics in a 
geothermal reservoir. 
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APPENDIX A 
ALTERNATIVE FORMULATION IN T ERl'v1S Of STREAi'1 FUNCTION 
In order to plot the streamline, we shall now reformulate the problem in 
terms of stream function. Eqs. (1) - (4) in terms of stream function are given 
by 
where ~ is the dimensionless stream function defined by ~ =p ~W K and 
s 
~ is the dimensional stream function given by u = a~ and v = - ~ ay ax . 
The boundary condition for ~ are given by 
~~ (0, Y) = 0, 
a~ ax (L, Y) = 0, 
'1' (x, Til = 0, 
~ (x, 0) = 0, 
and the boundary conditions for 8 are given by Eq. (22). 
We now apply the perturbation method by assuming that 
00 
~ (X, Y) = L £m~ m=O m (X, Y) , 
00 m 
8 (X, Y) = L £ 8 (X, V), m=O m 
oom 









Substituting Eqs. (B-7) - (B-9) into Eqs. (B-1) - (B-4), expanding the 
boundary conditions in a Taylor's series and collecting like powers of €, 
we have the following set of linear problems: 
Zero-Order Approximations 
(HI 0 
ax (0, Y) = 0, 
'¥o (x, 1) = 0, 
'I' 0 (x, 0) = O. 
Thus the solution for '¥O is '¥O = 0, 
The zero-order approximation for temperature is 
with boundary conditions given by Eq. (28). 
First-Order Approximations 










with boundary conditions given by 
al¥l ax (0, Y) = 0, (A-18 ) 
alf'l ax (L, Y) = 0, (A-19) 
1£11 (x, 1) = 0, (A-20) 
1£1, (x, 0) = O. (A-21) 
The first-order perturbation function for 8 is given by 
(A-22) 
with boundary conditions given by 
81 (0, Y) = 0, (A-23) 
81 (L, Y) = 0, (A-24) 
a80 (X) , 81 (X, 1) = - av- (X, 1) n1 (A-25) 
8 1 (x, 0) = O. (A-26) 
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APPENDIX B 
FINITE DIFFERENCE EQUATIONS 
The Laplace Equation 
.2", .2", 
"--" + "--" - 0 
.X2 .y2 - , 
is replaced by the standard f ive-point formula 
_ r . 
$ .. -(1 / 4)L $ · 1 ·+$ · 1·+ $ · · l+ $' J 11 1 ~J 1 +.J 1 - ,J 1.J + 1, - , 
where (i, j) denotes ith point along X-ax i s and jth point along Y-axis. 
(l, n) 
(i :+1) 
(i -l ,j) (i ,j ) (i+l,j) 
(i J-1) - 6h - th (1, 1 ) 
(m, 1) 
Simi l arly the Po i sson Equation 












Yj = (j -1) Ah. (8-6) 
[1] The difference equations for 80, The governing equation and boundary 
conditions for 80 are 
(B-7) 
80 (X ,0) = 8L (X), (B-8) 
(B-9) 
80 (0, Y) = 0, (B-10) 
80 (L, Y) = O. (8-11 ) 
With the aid of Eq. (B-2), Eq. (B-7) is approximated by 
(80)i,j = (1/4) [(80)i + 1, j + (80)i -1, j + (80)i, j +1 + (80)i, j - 1J, 
where i = 2, ..... ,m - 1, 
j = 2, ..... ,n-l. (8-12) 
From Eqs. (B-8) - (B-11), one obtains 
i=l, ..... ,m, (B-13 ) 
i=l, ..... ,m, (B-14) 
j=2, ..... ,n-1, (B-15 ) 
j = 2, ..... , n - 1. (B-16) 
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[2] The difference equations for Pl The governing equation and boundary conditions 
for Pl are 
(B-l7) 
(B-18 ) 
aPl av- (X, 0) = 8L (X) , (B-19 ) 
P
l 
(0, Y) = 0 , . (B-20) 
P1 (L, Y) = 0 • (B-21) 
Eq. (B-18) can be replaced by the following difference equation: 
(8-22) 
or (B-23) 




Eq. (B-17) can be replaced by 
(Pl)i,j = (1/4) [(Pl )i + 1,j + (Pl )i - 1,j + (P l )i, j + 1 + (P,);, j - 1 
with i = 2, ..... , m - 1, 
j = 2, ..... , n - 1, (B-26) 
ae 
where (eO,Y)i,j is avO value at grid point (i, j) .. From Eq. (B-20) one obtains 
j=l, ..... ,n. (B-27 ) 
From Eq. (B-21) one obtains 
(P
l
) . = 0, m, J j=l, ..... ,n. (B-28) 
Combining Eqs. (B-23) and (B-26) with j = n, one gets 
(P l )i, n = ('/4) [(Pl )i + "n + (P')i - 1,n + 2 (P')i, n - 1 
+ 2~he - ~h2 (e ) 1 a O,Yi,n, 
.J 
where i = 2, ..... , m - 1. (B-29) 
Combining Eqs. (B-25) and (B-26) with j = " one gets 
- ~h (e 0, Y) i, 1 , 2 . ] 
where i = 2, ..... , m - 1. (B-30) 
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The set of difference equations for P, comprises Eqs. (B-26) - (B-38). 
[3J The difference equations for 8~ 
The governing equation and boundary conditions for 8, are 
(B-31) 
d8 
8, (X, 1) = - d Y 0 (X, 1) p 1 (X, 1), (8-32) 
8
1 
(X, 0) = 0, (8-33) 
8, (0, Y) = 0, (8-34) 
81 (L, Y) = o. (B-35) 
The advection term 
(B-36) 
is replaced by 
f;, j = D [(Pl , Xl ;, j (eo,x l;, j + (Pl , yl;, j (°0, yl;, j 
- ( 80) . . ( 80 y). .] l,J ,1,J (B-37) 
Thus, the difference equation for Eq. (B-31) is 
:01l;, j = 1/4 [(01l; + 1, j + (ell; _ l,j + (01l;,j + 1 
+ (8,).. 1 + i1h2f. .] . l,J - 1 ,J (B-38) 
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From Eqs. (8-32) - (8-35) one obtains 
(8-39) 
(81 ) i, 1 = 0, where i = 1, ...... , m, (8-40) 
(81 ) 1, j = 0, where j = 2, ..... , n - 1, (8-41 ) 
(81)m, j = 0, where j = 2, ..... , w - 1. (8-42) 
The set of difference equations for 81 comprises Eqs. (8-38) - (8-42). 
[4] Finite difference equations for ~ . 
The governing equation and boundary conditions for ~ are 
(8-43) 
d~l ax (0, Y) = 0, (8-44) 
d~l ax (L, Y) = 0, (8-45) 
~1 (X, 1) = 0, (8-46) 
~l (X, 0) = O. (8-47) 
Eq. (8-44) can be replaced by the following difference formula: 
(8-48) 
- 42 -
Eq. (B-45) gives 
With Eq. (B-4), Eq. (B-43) can be expressed as 
(W1)i,j = (1/4) [(W1)i + 1,j + (W1)i - 1,j + (W1)i, j + 1 + (W1)i, j - 1 
+ (80 X). . t-h
2 
] ' , ',J 
where i = 2, ..... , m - 1, 
j=2, ..... ,n-1. (B-50) 
Eqs. (B-46) and (B-47) give 
(B-51a) 
(B-51b) 
Combining Eqs. (B-48) and (B-50) with i = 1, one gets 
( .p1 ) 1 , j = (1 / 4 ) [ 2 (.p1 ) 2 , j + (W1) 1, j + 1 + (W 1 ) 1, j - 1 
+ flh2(80 X). . ] ' (B-52) , "J 
Combining Eqs. (B-49) and (B-50) with 1 = m, one gets 
(W1)m,j = (1/4) [2(W1)m - 1, j + (W1)m, j + 1 ~ (W1)m, j - 1 
+ ,\h2(0Q, x)m,jJ ' 
where j = 2, ..... , n - 1. 
- 43 -
(B-53) 
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Ili U t. b: j 




Ie. 0.:1 3 : 
T~IS PROGRAM C~L(JL~TES THt PA~TIAL JEkIVATIVES GF P~~~S~R~ 1 
LJ I i'l E: :,~ 5 IlJ I'; T ( '1 1 , 1 1 ) , T Y ( 't 1 , 11 ) , T r ( it 1 ) , 1 0 ( it 1 ) 
~1 = it 1 
i,= 11 
CALL Cf.-E14Tl( 102, 'PICYF1Lt') 
CAL.l llPEN(lOU, 'P:<'SlFILt:' J 
f<. tAD ( 1 U 0 ) ( ( T ( 1 , J ) , J = 1 , iJ ) , I =- 1 ,r~ ) 
~R i 1 C: ( 3 , 2 ) 
FU l'd'i h T \ ' 1 ' , ' 
1 [: =:;' 
1 i; = 2 
THE: Pkt S5JR.E: - PI FUN(. T 1 [U,' I 
I-. R 1 T E ( 1 C , 1 ) ( ( T ( I , J ) , J = 1 , i~ ) , I = 1 , /1 ) 
f- CJ r: r·~" T (' ',3 x , .i. 1 I~ 1 1 • 3 ) 
UH=l.O/fLO~T(~-l) 
D U 1 U 0 I = 1 , ;'i 
Ll[] hi5 J=ld'-J 
Tl(Jl=T(l,J) 
\.. [l f\ T I :'i I) :: 
CHLL iJETS(Uri,Tl,TO,N,ltRl 
J 0 1 0 0 J = 1 , ~~ 
TYI I,J)= rO(JI 
CU;\Jll:'wE 
u c; 1 20 I = 1 , iii 
'tlkl Tt( l~t.) I TY( 1 ,J) ,J=l,;-)) 
(UI\Tli\UE 
r- ~i r, :.', ;; T I ' 1 ' , ' Tt-1t VJ.\LuE Of IJ( PI) I UY') 
'i~ITt.(j,3) 
(i i~, I T l:. ( I l1 ,1 ) ( ( T Y ( 1 , J l , J =- 1 , N ) , i = 1 , 1'\ ) 
u~ 2J0 J=l,i'; 
00 205 1=1, /,~ 
1 I ( I ) = T ( 1 , ~ ) 
L.034: 2 U 5 l u I'~ T I ill LJ E 
I'JO:'::> : uOj h : 
Iv 038 : 2 i.Ju C () j ':1 : -, 
I\.:(;-~~: 
luG..,.Z; 
\.. ALL [) E: T 5 ( lJ H , T 1 , T (j , ~, , I c R ) 
lJlJ 2CO 1=1 ,n 
TVi\ II-Trill 
I I \ ! , v I - I L.o \ J I 
r- U f\ r; A T ( '1 I, ' T dE VA L IJ E 0 f D ( P 1l / U .< ' ) 
CALL Ci\tATt:(lClJ,'Pl[XFlLE'l 
U LJ 21 () I = 1 , (1 
Vi R 1 T t ( 1 J l' ) ( T '( ( .I , J ) , J = 1 , f-l ) 
UO'+ 3 : 
lO"ti.;: 
2 1 U l 0 I, T I :.J U E 
IJ~ -t 5 : 
I~L-t 0 : 
.JU,'-t7: 
I 
\, R ITt ( I [1 , 7 ) 




bY ,i - 2 ~ 0 u Fe" T k i~,l 1 V, /\ E v. 6 
C I i'l t: :\ S 1 G i\ l 0 i. ( It 1 , 1 1 ) , F t\ ( ... 1 , 1 1 ) , F t., ( ,+ 1 , 1 1 ) 
U I~ T /, r·~ / "-l 1 / , 1\ / 1 1 / , I i< / i / , I w / j / 
FG~~~T(' ',3X,11f11.j) 
Fi;Ki'iI-1T('l',' Tr1t U(TJ) / l,X rUI~CTlGN') 
f 0 K n !\ T ( , 1 ' , , Til t Q ( Pi) / () X f U I~ C r I L N' ) 
F 0 K i·\ A T ( , 1 ' , ' T H t [I ( PI) / II Y f U i ~ C T I J I'J ' ) 
FU,,1-iiJ.T('l',' THE J(Ti) / CY f-U,\CfIlJN') 
F U k t,' P. T ( , 1 ' , I I h t r G F J :~ c. TID f~ I ) 
ITtK::.:O 
lJI':'(r-1:;:lOCO. 
I'll = ~~-1 
Id:: jIJ- 1 
uti:;: 1 • / FLu A r ( :~ 1 ) 
(. ALL [; r' c il ( lOG, I P 1 D X F 1 L E ' ) 
1\ E 1\ [j ( 1 v ::; ) ( \ f ~\ ( 1 ,J) , J:: 1 , i'J I , I = 1 , Ii ) 
I'IRITt(1l;,3) 
(j R 1 T t ( 1 J , 1) ( ( F;" ( I , J) ,J:: 1 , N) , I;.: 1 , i'l) 
CAL L CJ to' t ;, ( ~ ~ u , ' T t-' U I. F 1 L t ' ) 
;~ C J.\ 0 \ 1 0 iJ I { ( F w ( 1 , J) , J = 1 , r,; ) , I = 1 , d ) 
~~ KIT E ( I J , 2 ) 
(, p, 1 T t ( 1 U , 1) { { F u ( 1 , -J ) ,J = i , N) , 1 = 1 , i'i } 
uLl sea I=l,~~ 
D r.-1 S J U J = 1 , ;'1 
i.. U:1 ( 1 ~ J ) :;: F J1. ( 1 ; J ) ::: F l.) ( 1 ,J ) 
(. t.:: ,\ T I !\! U E 
L;\ \.. L C r' t 1\ (1 u (), ' i-'l L: Y F I L t I ) 
r.;tl-1u( lUC) (l F .... ( 1 ,J) ,J:;:l,\~), 1=1,1'\) 
,-/i-<11d lC,(-I) 
,'. KIT t ( 1 U , 1 J ( ( F;\ ( i , J) , J:: 1 , r'!) , I = 1 , n ) 
l/J., L L C r' E r\ { 1 G (; , I T f- u ) f 1 L t- I ) 
k b-q.., ( 1 (J C ) { ( F d ( 1 , J) ,J:; 1 , ,\1) , 1 = 1 , l1 } 
\'/ i<. 1 T t ( 1 J , 5 ) 
riRITc(lll,l)((F.:l!l,J) ,J=l,NI ,I=l,N) 
ulj b~O 1=1, i'\ 
v~ 6~O J=l,i\) 
C [j I~ ( I , J ) :;: ( ~ N ( r , J ) + F /, ( I , J I :;: f- e (I ,J I 
C LJ;, l 1 ~~ LJ E 
l Ii. L L U t' t 1\ ( 1 C G, I Tell F F- 1 LE:' ) 
k :: '-\ lJ ( 1 u J ) ( ( F h ( 1 ,J) ,J =. 1 , 11 ) , 1 :; 1 , t·'. ) 
~ R I T E ( 1 G , 6 ) 
\;,~ I T c ( 1 !J , 1) ( ( F A ( i , J ) , J ;.: 1 , I~) , I ;.: 1 , i1 ) 
u u i.., 5 l.J I:; 1 , 1'\ 
:.; u b:> D J:; 1 , ~.; 
L [j I. ( 1 , J ) ;0 l U i\ ( 1 , J ) - F ~\ ( I , J I ::: i- S ( 1 , J ) 
C J I~ ( I , J ) = (u f\J ( 1 , J I ~: LJ I.) l n ;~ u H::: D H 
( J i~ r 1 1'~ U :: 
~RITc'I[,l:;) 
f' ~1 r, 1-. !\ T ( I 1 I , I 
I, R l' T i::. ( :J , ~ 0 L ) 
TilE ( L N J T 1-\ i~ r 
C1S"H 
F U ;.~ C T IlJ N I ) 
f- 0 '\ r-';:\ T ( 'I.J I, ' U 1 S l H j, ~, G E= I, F 6 • 'v ) 
LALL CR. EAr t (1()", I l.Jr;.:dk:-n' I 
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PlIGE: \.Juu 
GC 5 ':i : 








v. R 1 T c ( I ~ ,1 l ( ((. Li r ~ ( I ,J l ,J :: 1 ,i.., ) , I :: 1 ,r·; ) 
l) CJ 6 1 0 I:: 1 , 1'1 
.dU H ( 1 0 J ) ( C L ,'Ij ( I , J ) , J:: 1 ,i~ ) 
lCI.ll'IJuE 
.) hJ P 
UJO 
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D (cJ:·1tIL[v bY 11-2S0J FOKTKI-,I'oj IV, 1<[1/. 6 
l,O~jl: l 
i.,lj,"+ 1 : 




t O,-ti~) ; 
l;Lt 7 : 
-~ 
~- '" d 1 S P k ~ L> ~ k i·\ I 1 [k A I r.:s r her f 14 P do; AT l; R r_ FIr.. S T - u R. J E ,"\ J L L UrI w:'l 
P ;di l> K. j.d< F li R. ThE r ,\ 1 
~o 
iJ I :,'i E ii S 1 :J f~ F P ( L, 1 , 1 1) ,F B ( 4 1 , 1 1 1 ,( C !~ ( .:; 1 , 11 ) 
iJATiI FD/451:;:U.U/ 
r [J k. r'~ i-\ T ( 4 ;.. , 1 1 r 1 i . j ) 
HJ f~ f., .4 T ( I ! I , I 
r U I~ i·1 '" T ( I 1 I , I 
I u= 3 
T H t: Ii; P J T C G N 5 T Ai; T r U 1'1 ( T I u N I ) 
T II E T Ui P E f\ t, T U K E I ) 
ri = 41 
N=ll 
111 = M-l 
hl=r·j-l 
l ALL 0 P t I~ ( 1 0 3, I T P D Y ,: I LE:' ) 
LALL UF[f'.l(lU4, 'P"SlFILf:') 
U U 2 J 1 = 1 ,i'l 
fi, t ,\ LJ ( 1 U J) (F P. ( I , J ) ,J::: 1 , N ) 
i{ E 1\ G ( Ie 4) (C u!\ ( I , j) ,J = 1 , I~ ) 
F 13 ( I , r! ) = - ( F:\ ( r , :\) ~: C LJ N (I ,i'j ) ) 
l. tJ. '- L [ ~ t: I\j ( 1 C U, I l u '\j S T ).. r! T I I 
r~ E ;; IJ ( ll! iJ ) ( ( eLi', ( 1 , J ) , J = 1 , I ~ } , 1 ::0 1 , I'. I 
hKlTE(1L:J,il 
\~ K 1 T ~ ( I J , 1 ) ( (C LJ rJ ( I , J I , J ,; 1 , r~ I , I = 1 ,r-I ) 
c u. L L fi fJ E I~ ( 1 C u, I T i: ~ ~ F- 1 L t ' ) 
1\ f. fA l: ( 1 D J ) ( ( F r\ ( 1 , ,j ) , J ::: 1 , : ~ I , I ::: 1 , i!1 1 
'tli\IH(lC,:)) 
{! k 1 T [ ( 1:": , 1 ) (( f ;\ ( 1 , J ) , J = 1 , ill ) , I = 1 ,tl ) 
r- :'1 t, Y = C • 
L; U 7 J 0 I = 2 I ~:~ 1 
Uu 71.-0 J:::2,U 
r f:: r~ P = F tJ ( 1 , J ) 
r B \ I ,J } = F f: ( I + 1 ,J I + f b ( I - 1 , J I + f B ( I ,J + 1 ) + f 8 ( I , J -1 ) + (. 0 .i ( I , j ) 
fJ( I ,J):::C.2:;;~:Fu( 1,J) 
UA 0 = A tI .')) ( H5 ( I ,J I - T £:;"1 P ) 
f,\b=r\o)( f0( I ,J») 
IFID~8.GT.~NAXIDMAA=UA~ 
1 F ( F A fj • G 1 • FhA X 1 F I'; A f.. = F A b 
UJ 1\ T 11\ u l:: 
ITtk=ITEk+l 
J II iJ = u; 1 h :0 F 1'1 A A 
~ flU A G • Gr. ,.) • J 0 1 ) ~ G T L, Y 0 v 
r iJ K i" f... T ( I 1 ' , ' T:1 C T 1 F U I~ C T I G ,i ' ) 
f- cJ ;, j i in I I C I , I t. r T l k I , IS, 'IT l: R i~ T 1 [ I'. S I I 
(. R 1 T [ ( 1 ::J , 1 1 ) 
., ,~, 1 T l ( I ~J , 1 c.. ) 1 T C K 
i~ R IT': ( 1 [1 , 1 ) ( ( F L) ( 1 , J ) , J = 1 , N) , 1:= 1 , I-I} 
CAL l eKE i-\ T t ( 1 () li, I T ct·; 1 F I L i:: I ) 
uU 2C::;C l=l,i-' • 
• \I<.i Tt (llJv) (Fo (1 ,J) ,J=l ,I,) 
C t\ L l C k t j., T r.. ( 1 Lj u , I T C i), r t K F L' ) 
U U ~,(J \) I::: 1 , i'~ 








C 'J iJ ( 1 J J ) = r 1\ ( 1 ,J) + F t; ( 1 , J ) ;, 0 • 1 
(01',11iiUc 
u[J 9iG 1=1,i1 
y'j K 1 T t ( 1 J.J ) ( ( LJ ill ( I I J ) , j ~ 1 , f~ ) 
lOdTINuE 
o',I\lll:( 10,6) 
F [j r\ ~.~ A T ( I 1 J , I 1 H t T v + r 1 FUN l TID I ~ I ) 
~i R 1 T c ( I 0 ,1 ) ( (C LJ 1\ ( I , J ) , J :;. 1 ,1\ ) , I = 1 ,i'l ) 
STuP 
t r~ {j 
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u 1 .. i E N 5 1 0 ill j) 1 ( :"; l , 11 ) , P ( It 1 , 1 .i. ) 
FU~MAT( I 1,3~,11~11.~) 
f- D K I·; A T ( I 1 I , I T H t i' R. i: 5 UK C f tJ (. C TI U N I ) 
CAL L Q P E ,\j ( 1 (J u , I P ,( S 1 F 1 L t I I 
/':, = it 1 
1\= i 1 
0H=1.U/FLO~T(N-1) 
uU 1U 1=1,':+1 
READ{1C;O)(PIII,J),J=1,llJ 
COin 1 ~uE 
¥ = J • 
ULl l::i J=1,l1 
uL 20 1=1,41 
j)(1,.j)=1.0-Y 
C [ir'll I r" JE 
Y=Y+\.m 
U'!<T 1 ~Ju t 
LJ iJ 3 0 I = 1 , .1 
UO jJ J=l,l. 
Fo(l ,J)=P(I ,J)+PIII ,J)~'u •. l 
Ul. L L C ,-\ :: II T t ( 1 C r.. , I P ., [ :) SuR t I ) 
~·i i< 1 T r.: (j , ~ ) 
l) U 5 v l = 1 , I'. 
n{ITt: (lC2) (P(I ,J) ,J=l,i';} 
I'. kIT f: ( j, 1. ) ( F ( I , J ) , J = 1 , I; ) 
liJid I!\uE 
.)Tl..P 
t. r~ l) 
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o CLJ :1 t) I L t u tl Y 'II - 2 S ? u f CJ I{ T k 14 ~. I V, K l: V. 6 
uOJ1: '- ...-, 
l, (; u 2: C :!.--, I HIS P K LJ G :{ A i'l I 'I E;< A r L.s r rl L .) 1 1', [ A /.j r LJ h (. 1 .I. e,i 1 
lli;t,:j003: \. ;!if, ;'.', U (J Lt : L P t( C ~ k M·I F l.; R S T R l: Ml r- U I, ( 1 I G i~ 
(;0..;5: JI;"I[:;ISl~'jN P('tl,ll), TX(41,11) 
p;vOJt): iJATA P/4::d:::O.OI 
jW:Ov7: I~F2 
00Jo: llJ=3 
I OJ0 : ~i!OlO: 
llO 1 1 : 
1°12 : , 013: [) 1 It : 
0015: 
l{jlb~ ,017 : 
La 13: 
Iu 19; 1 2 Ot.J: 15 












CALL UPEI\(lO(), 'TPOXFILt') 
[) [j 1 c: 1 = 1 , [.\ 





[)O 20 .;=2, i~l 
lEHP=P( 1 ,J) 
iF (I.f:·";.l) Gu T(~ 25 
IF(I.t'>l.h) Gu Te 2u 
P(I,J)=i)(Ii-l,J) + P(l-l,J) + P(I,J-l) + P(I,v+l) + C'n:::uH~:TX(l,J) 
tl ( 1 , J ) = 0 • 2 S ::: lj ( I , J ) 
0031: 
1052: Oj3: ~6 
uQj4: 
o J ~: :;:) 
1°36: 
iJ037: 
10 j 8: 
I C~9: t.(J ~040: 
VLd 1 : 
1°'.2 : 
~o .... :;: 
JC44: ~ 
1()itS: 0~ 6: ~ C 
)0 ... 7: b 
n°'-t j : 
1°49: I 
JO ~ J : 
·DSl: 
3J5 ? : 
'U:d: lGJ 
I (J:.> £, : 
I 
i.)U T l.; 3 J 
P(l,J)=P(l,J-IJ + r'(l,J+l) + 2.:::P(2;::P + D;·PL..~FTA(l;Jl 
P (1, J) =P (1, J ) :;:l). 25 
GI.J 1 Li :JCl 
P (h , J ) = P I I'i , J - 1) + P ( H -, J + 1) + 2. ::' P ( HI, J) + LJ H~: 01'1::: T X ( ~i , J 1 
~11"1,J) = P(H,J):::O.i.5 
uA[)IJ=AbS\~( 1,JI-Tb·1P) 
u F A B =/\ b S ( P ( I ,J J ) 
I F ( li:' ~ 'v • G T • I) l'i A X ~ D ,I t. X = J I~ b V 
1 F ( D FA u • G T • F i'iA j, 1 F-;'I A/..= l) FA 8 
CJ ~\ T I :\ U E 
l) A b V = D 1'1/', X I F f,j J.>. X 
ITcR=ITtR+l 
iF (DABV .(,T .Dl:RtZl Gu TO IS 
r.RITE( lU,S) 
r U k ~',I J.\ T ( , 1 " I I H E j T 1< E A M F LJ t, C. T 1 (.1 r, I I I I ) 
GU)v 1=1,i'1 
Ii f<' 1 T i.: ( I [j , b) ( /-' ( r , J ) , J = 1 , N ) 
fL~~AT(' ',3X,11fll.J) 
rlRITE(IC,7l ITlR 
i- [) i-, V II T ( I I I I .:~ x , 'IT.: 1\ AT 1 r..; il c. c l~ V L. Ii. l! E.s 
CAL L C~. E {, T E ( 1 0 ~, ' S 1 ~. E 14 j·i F 1 ' ) 
u[j lLit:: 1=1,:-'1 
,~~I Tc(102) (P(l ,J) ,J=l,f-l) 




h F 'I E K ' , I 4, I TidES') 
